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Abstract

A fully dynamic method for shear flows is presented that treats the short time-scales
associated with Newtoniaii viscosity (or short relaxation processes) and shear-wave prop-
agation implicitly, while treating the long relaxation processes explicitly. The method is
generalized to flows with non-constant strain-rate histories in the context of the well-known
fiber-drawing problem. The linearized stability of the methods is analyzed, and extension
of these methods to planar flows is given. The approach taken in the case of non-trivial
deformation histories is that of an Oldroyd difference quotient (ODQ) that approximates
the convected derivatives of the differential constitutive equation in Lagrangian fashion
along the portion of the streamline upstream of the stress evaluation point. Techniques
based on earlier ideas of drift-function tracking are used to develop a weighting scheme for
the ODQ that permits the use of low order, Co stress elements. The numerical methods
are discussed and analyzed in the context of a Johnson-Segalman fluid model with added
Newtonian viscosity. The resulting initial-boundary-value problem is globally well-posed
aiid possesses the key feature: the steady shear stress is a non-monotone function of the
strain rate. Such models will be seen to display the spurt phenomenon in plane Poiseuille
flow and apparently related phenomena in step strain experiments.-- Analysis of the nu-
inerical methods shows that the ratio of short to long relaxation times or the Newtonian
viscosity ratio is a key parameter in the stability and accuracy of the methods. When this
is properly accounted for the techniques described here work well in shear and extensional

/I
flows and show promise for two-dimensional flows. (/ -/
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1. INTRODUCTION

We consider the equations of motion, stress, and continuity for a Johnson-Segalman
fluid [1] with added Newtonian viscosity. The Johnson-Segalman model should be viewed
as a simple constitutive equation representing features which are characteristic of non-
monotone stress/strain-rate constitutive relations [2 - 10] (see Fig. 1); many other models
have these features, and some are known to produce the kind of dramatic and interesting
rheological behavior discussed in this paper in the context of Johnson-Segalman [2,4,6].
There is some controversy among rheologists as to whether the predictions of such models
are physically correct; we believe so, and have argued our case extensively elsewhere [24 -
7,10]. Our thrust here is numerical, and we aim to develop methods of general applicability
to models with and without non-monotone behavior. At very least, the success of our
methods in shearing flows in the 'spurt' regime induced by non-monotonicity can be viewed
as pushing the numerical metboA to the limit in order to test its robustness in the presence
of strong instabilities.

The equations of motion, stress. and continuity in terms of velocity, v, total stress, S.
extra stress, r, strain rate, 6, and pressure, p, for the Johnson-Segalman model are

a +(v-V)v] = V-S
S = -pI + 2(1) + r

V, "-- ot + (V V) r-r Vv-_(Vv)rrT+ (1 -a) (re+ C'r)
V.v=0 .

The equations are in nondiinensional form; a is a ratio of Reynolds number to Deborah
iniinber: time has been scaled by the dominant relaxation time; E is the ratio of Newto-
ian viscosity to polymer zero shear visrosity or, alternatively, lie raliu of duniinail" to
sccomn,'a relaxation time: the dimensional form of the equations an(d further details of
the ,die'nsi mal analysis may be found in Refs. [2] and [5]. The parameter, a, is a nondi-
iiinsional nunbcr that relates the motiou of the polymer molecules to the mean motion
of the continiiiiiim: this motion is non-affine when a 7 1: we consider only a > 0 here. In
flfs. [5.6,71. it is shown that the Newtonian viscosity term is generally representative of
lie presencc of shorter relaxation times, widely separated from the dominant relaxation
time that cuii occur in puire polymer systems as well as polymer/solvent systems.

In Refs. [3.6,71]. the reduction of Eqs. (1) to transient shear flows is discussed. Fol-lowad 1by ( ) a2112;threuti
lwing Ref. [5]. for a < 1 one may also scale a. r, and f by (I a / the result is

0 '1 + o' 4 t',, + f

Ot = (Z +1) , - 0 (2)
Zt = -.7 , - Z .

hiI the al)sence of Newtonian viscosity (i.e., when = 0), the system (2) is hyperbolic as
long as Z + 1 > 0. and the speeds, c, are

c = 0, ± (3)a
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Fig. 1 Stress vs. strain-rate for a Johnson-Segalman model. Di-
inensional units; values characteristic of actual materials. Values

of $ give neutrally stable (1/8) and critical cases (0.015); j = 2612.

O(therwise the systeni 1ias elliptic character, and the type change corresponds to a loss of
evoltionarity. \When Newtonian viscosity is present (i.e., when . 5 0), it can be shown
that the system is always evolutionary [8,91. When Newtonian viscosity is absent the
systelil can exhibit Hadamard instabilities [8.9].

2. NEW TRANSIENT ALGORITHMS FOR SHEAR FLOW
T n this section we briefly describe two test problems that are solved by our numerical

techniques for shear flow. We then describe the numerical method, arrange the algorithm

in sitable form for a linearized 'matrix' stability analysis [11,12], and derive the resulting
stability bounds.

A. Spurt: In Rebfs. [2,4 - 7], the phenomenon of spurt observed by Vinogradov, et al. [13]
is Mdled exploitin-) the non-nuonotonicitv of the Johnson-Segalman models steady stress
vs. strain-rate curve, using system (2) and boundary conditions appropriate for pressure-

driven flow (sec' Fig, 2). The phenomilenon of the dramatic increase in capillary or (lie
throughplt at a fixed critical stress. IlIdepcndCTlt of molecular weight, can be reproduced
with remarkable accuracy. The resulting flow regime is characterizcd by a layer of high

shear rate near the wall. in which the extra stress plays virtually no role in equilibrating the
driving pressure gradient. Outside the layer, the longer relaxation process is the dominant
.~i,l-1)(ariig mechaiiism. During the process of spurt, there are large oscillations in stress
aiil shear rate, and material points that end up inside the layer are alternately subjected

to high ad low rates of shear until effective steadiness is achieved.

B. Stcp .4train.q: We consider an idealized model of the classical step strain experiment
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.......... ................................. x=O
Fig. 2. Problem domain for channel flow driven by a pressure
gradient (plane Poiseuil]e flow). The dimension, h/2, is scaled to
1/2 in the nondimensional equations. T = o, + v. is the total shear
stress.

[3,10,14,15] that combines Eqs. (2) with boundary conditions{v(Ot) = 0
v(1,'t) = (t) (4)

We thus have Couette flow [3] in which the upper wall is a plate that moves suddenly,
shorthv after time t = 0. The picture is similar to Fig. 2, with the symmetry line replaced
by the fixed wall, whose coordinate is taken to be x = 0 in nondimensional units; the
moving wall is at x = 1 (see Fig. 5, below). The classical problem is properly posed [10]
by taking the Umit of the sequence of solutions to this problem as g tends to a multiple
of the Heaviside function, which is the step in strain. Y, based on plate motion. In this
context, we can see the consequences of adding an arbitrarily small amount of Newtonian
viscosity, or omitting this term. We consider the Lodge-Meissner function:

= lim "I - r22 = 2Z_-oo __ -- (5)

where T a + tr,, and j is the strain calculated from system (3), which is a factor
of (1 -a2)1/2 smaller than the corresponding strain of system (1) (the a = 1 case is
treated as a special case). Note that the total shear stress, S1 2 or T, appears in the
denominator of Eq. (5). Eq. (5) was intended to apply in situations where there is no flow
with relaxing stresses and thus where there is no difference between S12 and 12 (or T and
a): here we have chosen to use the physically measurable, total stress, for reasons that
wNi-l become clear later. The Lodge-Meissner relation [10,14,15] states that the limit of P
as the step becomes instantaneous is observed to be 1 in real polymer systems. For the
Johnson-Segalman model, Eq. (5) can be evaluated analytically, under the assumption that
momentum effects can be ignored (even though the step is assumed to be instantaneous)
and the flow remains homogeneous for all time [10]. The result is plotted in Fig. 3. The
Johnson-Segalman model has been criticized for the obvious failure to satisfy the Lodge-
,ii~t.r relation 9:4 the fct that. the shear stress eviiently chaiigc. Sign as a functio.- of
strain, as evidenced by the pole in Fig. 3.

C. The numerical method for shear flow: In these shear-flow examples, Newtonian viscos-
itv dominates in high shear-rate regions or times; there the Eqs. (2) have the parabolic
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Fig. 3. The Lodge- Meissner function with a = 0.95. Values for
-y < 5 are close to 1. The pole is at -y - 10. Another pole is at

_- 30; poles periodically repeat.

character of Newtonian flow; implicit treatment of Newtonian viscosity is essential. In the
regions or times of lower shear-rate, where the longer relaxation time dominates, there is
wave propagation at the elastic wave speed given by Eq. (3), and the equations, though
not formally classifiable, behave like a hyperbolic system with a small amount of added
viscous damping. For high polymers of the type used by Vinogradov, et al. [13], the wave

speed is finite but very high, and numerical methods must respect it by either the time-
step restrictions of explicit integration or the cost of implicit integration. On the other
hand, phenomena such as the latent development of spatial inhomogeneity in step strains
take place in several step rise-times; phenomena like Vinogradov's spurt take time on the
order of many dominant relaxation times to unfold. In either case, the time scale of the
interesting physical phenomenon is orders of magnitude longer than wave traversal times.
To capture such phenomena by explicit methods, controlled by element wave traversal
times, is totally out of the question. The following method was developed to confront tis
difficulty without requiring implicit iteration on the nonlinearities [2,5].

- Spatial discretization: We use standard finite element interpolations [11,12]. In what
follows, the definitions of shape functions, matrices, etc. are at the global (rather than
element) level. The shape functions are linear, one basis function per node, as picture in
Fig. 4. Following standard practice, the nodal values, vi, are functions of time alone, and
the shape functions. N, are functions of space alone:

[N1 (x), N2 (x),N. ,N (x)] = [N]
}2 t (6)

v [N] :t. 1 =[I] {v}

VI(t)
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Fig. 4. Velocity trial/test functions for Galerkin method. Thle N,
are bais functions for piecewvise linear approximations for veloci ty.
Stresse5s iire assumled to be piecewvise constant on cells between
nodes:- cells have lengrth Lj and may vixy in size.

WCuse standaird "B-Mar~irix' notation for the matrix relating strain rates to nodal values.
Thus

S[B] } V 1  ,.Nll, 1r] {t.('7)

Thc acceleraton can be written. as follows:

V2, t

TL(e vitcoelast ic cont rib~ution to momentum diffusion is

1 1

fo ,(7~r= Z f,1} [B] 'odx

inl which we shall aissiume( 0, is elenientwise constant. The Galerkin form of the momenvit urn
equation, is

6



j aovtdx + f. ¢Odx + e jo Ov x dx = , (10)

for all admissible 6, at each t > 0. When the admissible test functions, 0, are expanded
in terms of the Ni, the spatial discretization of momentum equation becomes [11,12]

[A'I]{a} + [Ij{v} + {W} = {o} , (11)

where

[ a] = -jot] lvl =

{W} = [B]dx (12)

[IK] = 1[B][B] dx

[A] [(Ni) A72 (x), .. . x)

[B] = [ A2v,,, , NAt,r].

- Time diffrecimig: The time differencing is based on a standard generalized trapezoidal
s'hetite [11.12].

{,,+I} {v,} + zAt[(1- ){a,,} + ({a,,+}] , (13)

whlere " > 0 is a paramueter of the method. A predictor for the viscoelastic contribution to
the shcar stress (the extra stress) is given by a mixed difference, forward on the stress and
i(tIlinear terms and b;ckward on the linear strain-rate term. Z and o" are assumed to be

const anit on each element and advanced bv

- Zn(Pr), + &n . (14)

Tlh iniieti urni equation is solved based on this prediction, and a corrector/Z-update
cVcle is used for both stress eq ations.

- =-(Zn + l)(vx),,+l - a,, (15)

Zn l Z i- - ,,+[(' ),,+l - Z . (16)
zAt

C m)iinig the space and time discretization of the momentum equation, we have

[z]{,,,,+ } + [Kjf{v,,+i } + {n+i } = {O}, (17)



where {T+ 1 } is a predictor of the viscoelastic contribution,

{w.+i} J[B]To+I dx. (18

With the discretization of system (2), whose stability is analyzed below, corrector is
not used, and there are no ",-'"ed corrected quantities. We thus have

a+l -a = Zn(Vx)n + (Vz)n+ 1 - O*n , (19)

ZA t

and Z given by Eq. (16) (with &,,+1 replaced by a,+l). It is possible to apply the o-
corrector in the frozen Z case, but numerical experiments show that this procedure is
less stable than the one analyzed here. Furthermore, experiments also show the nonlinear
algorithm with the predictor-corrector scheme "nearly" unconditionally stable when pa-
rameters are selected according to frozen Z analysis, without the corrector step. We should
emphasize that we are analyzing a somewhat simpler algorithm - without the correction
cycle - to approximate the behavior of the more complicated algorithm. Experience shows
that this is a valid simplification.

- Computational arrangement(momentum): When we use Eq. (19) to predict 0 n+1 in
Eq. (17), the result is

{IVn+I } = [ [BIT.,,1 dx(0

=A[Kj I,,,+ I) + At jo Z[B] T [Bjj ' dx + (1 - At) fo [20) d.

Substitution into momentum equation yields

[M]{A,,+, } + (E + At)[K]{vn+1 } + {1W+,} = {0} , (21)

where
Z-term

{Wv+,} :=AtI Z[B]T[B]{t.}dx +(I - At) [BIT dx . (22)

Note that the for frozen coefficient system (2), the Z-term in {W",,+ 1 } can be written as
Lt Z[Kj]{,, }.

- A recursion for {l',,+i }: From Eq. (20) and the definition of {IV,+i }, we have

J[B]Ta+i dxr = zAt[NI{vn+I} + {Wif.+, } (23)

Cycling back to n+1 , n yields

[B]To,,dx = At[K{v,,} {IW } . (24)

8



W-e substitute into definition of {Ifl+,H } to get

{PV+} = (1- Zt){1Tn} + /At(1 - At)[IK]{v'} + -,At Z,[BT[BJ{V,} dx. (25)

In the frozen Z case, Eq. (25) becomes

{In+l } == (1 - A\t){$1Vn} + (Z + (1 - .At))At[IK]{ 1 }. (26)

- Quiasilinear difference equations: The fully nonlinear svstem (1) can now be written in
recursive form,

[MI]{an+l} 1-(E -At)[KI {1',+} + { Vtn+ 1 } {0}

{II+ } (1 - A't){WI- ± zt(1 - zAt)[K]{'v} + ZAt 0 Z[B]T[B]{,} dr (27)

IV +, } - (At{a.+,} = I + (1 - ()nt{ ,.n,

after each cycle of which, Z,+l is obtained from Eq. (16) ("a,+1 = a,+I); thovgh it is not
necessary for algorithmic closure, a,+l can be obtained from Eq. (19) after each cy,e.
The frozen coefficient form of Eq. (27) is

[II] {Ia+, } + (x + At,)[IC]{v,+ 1 } + {I '+, } = {0}

n+, } = (1 -- At){,,} + 3ft(1 - At)[A]{,} + .AtZ[K]{tv,,,} (2S)

{,.+}I- 4CAt{a+} I = {fv.} + (1- )At{..}.

Note that for the current scheme an Z, and (v,), = [B]{v,} are all piecewise constant
ill r.

- Modal decomposition: Let [T] be a matrix of generalized eigenvectors of [K] - S[A1].
normalized so that

[,p]T[zT][T'] = [Q] = diag( , 2 ()
(PIW,1'f] = [r. (29)

We will investigate the stability of the frozen coefficient linearized system. Let

{a .+,} = o { +l
{,,P+} = ,]{,+,}. 

(30)

The momentum equation gives

9



I{a',+i I+ (E + '60)[1f i'n+i I+ f{11 t41 ={ol (31)

where {V+}=.(2

Suppressing the sub~script "I" and writing a ty pical component of {+ 1}as siimply an+,,

etc. The decoupled system is

a 1 + (z. ± At)W 2 Vh+m + 1 -T+I = 0

IT (1 - zAt)IT/ + z~( ~ 2v,+ _zAtZ . 2 V, (33)

1,11- (uAa,+ =v + (1 - ().iAtal

Thoutdh 0 is ruled out by boundary conditions in the problems considered here, the
loves t frequencies in the mnesh are physically meaningful, and the w - 0 limit must be
COuisidered. It is easy to see with our simple elen-rits [11,12] that the highest frequencies

areinh-depen(lent, n

4an~x max (<)L (34)

D. Stability (LU (lyj$,I.: I ihe goals of stability analdysis are twofold: first, to give a prio
4,,11 iiilatc o f thle critcal t i me( step). if any. and secondl, to assure that the numerical my et hod
itt's lt I hive t w lit fet of art ihciahiy sulppressing or dIelaying the onse-;t of the instahbilitv.

TlI Ion(i it of t spi t co rreshoit Is, to thle int ab ili tv of the frozen-coefficient linearizat ion. WCe

wil thenaia lzet ie isrt t sv trn(33) applied to the same t-ozen-coefficieit sse

niI ii Ht that thli inlst abili tv InI the (liscret Ie system occurs at preci sely the samne values" of
lt~' 1ararnlet t "rs;as thle exact liniearized svste cm. Thie exact solut ion can be expandedI inl

FttIImit'i series: "I typ)1"ial mlode is

c(r t)=f(t) sinI,:. (7(.r, t ) =g(t) cos5&.r (335)

Suhst it utigl' into systeiii (2)

Of() -(t ) t)-g()'36)

91() =(Z + 1)...f(t) - g(t)

The systemi cigiivalicis ate,

+ I2/ +1 1____ 2 (Z+ 1± (3+

R(t __ch < _ nyi Z + 1 + > 0 ( (lecaying sol' it ions) -the Equiat ion St abili ty Con( itiomi.
The 1)1 ast'-1hlie aiiiahsis of Refs. [6.71 shows tHat thlis o(Otolit i( U is the samle cojoldi tion t hat

'harac-terizes the eid~ of the 'latency period ando the onset of the spurt inst ibihit . e

shaill dierive stab~ility bounds -Lssiiniing that (0). +x).

1 0



The stress relaxation condition: The recursion for It-, is based on the underlying O.D.E.
for a, which in time-discrete form is

: (1 - At)(-, + +t(Z'(v')' + (vr)'+I) (3S)

which, when there is no flow, is

,+= (1 - At) (39)

This is a discretization of (exponential) stress relaxation, the most fundamental non-
Newtonian phenomenon. It is no restriction to assume that :At is always small enough
for accurate stress relaxation. The non-oscillatory stress relaxation condition (N OSRC) is
then,

t < 1. (40)

The NOSRC is necessary to accurately reproduce the lowest frequency phenomna.
To analyze the stability of higher frequencies, we write the first equation of Eqs. (33) in
Step 1 and ni + 1: solving this for a,, a,+, and substituting into the remaining equations
of the systein (33). results in th. following 2x2 system:

\Vl1( 'rW'
[A]~ ~ ~ [A = Wn+lC~t(3 .JZ ~-

9 -At,,;2 (Z + )
A A

0 = -(At) (1 - It)
S= (1 - () _tZ (42)

WO Ca i bound the spectral radius by using the invariants of [A] (see [11.2 12'

III = Ir[A.= [ d+ At2 2 (Z+ )+3 1]

a, = (dt[A] = A [H(3 - 1) - (1 - )Bt%9'(Z + 0)]

Sl)(,ctl radiu s of [A] beig', < I is characterized by [11.121

a 2 +l o.2+12 l 2 a1 : 1 , (44)

a'iin ;dli,,lrai(" growth is rdtl:d out by

-1 < a, < 1. a2 1 (45)

11



- Extreme frequencies: It turns out that by considering the w --* 0 and W --+ cz behavior
of Eqs. (43) - (45), the most salient features of the method described here can be identified;
a more detailed analysis is given elsewhere [16]. When w - 0 we find that

al - 1 ) a 2 -*
2 2 *9

The roots of equation,
s 2 -2als+a2 =0, (46)

are 0, and 1; thus requiring 101 < 1 implies At < 2. This condition is irrelevant, since the
NOSRC supercedes.

When W -- oc,
/3 /-1 (1-c )

±--4-

andl

(Z + O)At 2 2  (Z + O)At

A

SO

1[(Z±+9)At 1C

0(1 - () (1 -()(Z+)-t

Thus the quadratic Eq. (46) has roots

(1- (Z +O)t (4)S - -C+'47

For C < 1/2 conditional stability is anticipated, and specific analysis for large L') is
required. This analysis is carried out in detail in Ref. [16], where it is found that there
is a depindence of At on Ax 2 that is characteristic of parabolic problems [11,12], arising
from the Newtonian viscosity term. Since the algorithm is semi-implicit and requires the
factorization of matrices, there is no g in in taking ( < 1/2. In Ref. [16], it is also shown
that for ( > 1/2. there are no interior values of the spectral radius between L., = 0 and

,,: = oc higher than those bounded by the NOSRC and by requiring that the roots of
Eq. (47) be less than or equal to 1. This implies the following stability summary for

C > 1/2:

(1) From -0 + (Z + O)At/g < 1, we deduce that (6 + Z - 1)At - 2_- < 0. If I + Z - 1 < 0.
there is no condition. Otherwise

At < 2

12 Z-

J'



(2) From -0 + (Z + 0)zt/g > -1, we deduce that (Z + 1 + e)At > 0. If Z + 1 + 6 > 0,
there is no condition. Otherwise the ,iumerical method and the linearized equations
are unstable.

From the phase plane analysis of Refs. [5,6,71, it can be deduced that for the range
of parameter space appropriate for modeling Vinogradov's polyisoprenes [13], Z is always
negative unless it is forced to he positive by artificial initial conditions. Furthermore, Z < 0
whenever the primary normal stress difference, N1 , is positive, as it is for any steady flow
of a Johnson-Segalman fluid. Circumstances in which Case (1) above would hold require
that N, be substantially negative and have not been observed by the authors. However,
the linearized equations do not account for the Z-equation, thus could apply equally well
to a shear thickening fluid in which Z > 0 is likely; in such cases, the condition of Case (1)

could apply. In Case (2), whenever the Equation Stability Condition holds, the algorithm
is essentially unconditionally stable for all time steps smaller than that implied by the
NOSRC, which is an accuracy condition, independent of Ax. When th, exact equations
are unstable, the numerical method also reproduces solutions that grow rather than decay
in time. Thus the onset of the spurt instability is not suppressed by an artificial, numerical
increase in the value of Z + 1 + E.

The key to the success of the algorithm lies in the first !quation of system (27) that
predicts the extra stress using the zero shear viscosity implicitly and the non-Newtonian
contribution, represented by the nonlinear Z term, explicitly. No nonlinear equations are
solved when tine is advanced according to the second equation of system (27) , but the
fastest wave speed is that at zero shear, as can be seen from Eq. (3) and the fact that

Z < 0. There is no restriction on the time step in the linear stability analysis of Eqs. (6) -
(13), and in practice, time steps as large as a half million element wave traversals can be
stably employed. However, the analysis of Refs. [5,6,71 shows that when e is small, the
shear-flow problem is extremely stiff: there is a characteristic response time of the system
of O( ) (the "'Newtonian phase") in which the polymer contribution to the shear stress, rr,
,lc,,lops. During this short period, Z changes substantially but then continues to change

on :1 tiue scale that is typically much longer, determined by the dominant relaxation time.
which is scaled to 1 in the nondimensional equations. In order for the slow change in Z to
be accurately resolved, the short-time change in Z must have been accurately resolved. In
1Rcf. [5] it is shown that the stiffness requires time steps on the order of fractions of E at
earlv times to obtain accurate solutions. Time steps can be lengthened somewhat during a
(jis,-nt period ("laency"), but, as shown in Refs. [6,7], the O(.-) scale reemerges in the
(lynaulic spurt process. The point is that the semi-implicitness can be used to accurately
slnoth out wave propagation at early time, since elastic waves play no important role in
tie Spurt phenoienon; however, this leaves an iitricate interplay between two additional.
widely separated, time scales that must be properly accounted for in numerical solutions.

3. NUMERICAL RESULTS FOR STEP STRAINS IN SHEAR FLOW

To sumnumarize what occurs in numerical simulations: when E $ 0, the total shcar

stress, T. has a near &function contribution, and for t > 0 there is spatially homogeneous
stress relaxation when a = 1. Spatial inhomogeneity develops for a < 1 (at sufficiently
large 7 [10]). With 0, the stresses are bounded for all time if a = 1, but there is
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Fig. 5. Velocit" proile as time evolves for dynamic solution of
System (2) with boundary conditions (4). a = 0(10-2), a = 0.93.

0.001417. and a step of duration 0.1 scc. At this average strain

of-, = 12. the solution develops a spatial inhomogeneity in a latent

sipurt with flow in the opposite direction from plate motion. The

Exed i;.il.! ;, at x = 0 andt the moving wall at x = 1.

Hmlamard instability if a < 1 amd y is sufficiently large. Thus the effect of Newtonian

viscositv is significai it. For a = 1, its presence does not make a difference in the satisfaction

()f the LOdoe-.Meissner relation, but it does make an increasingly large difference in the total

force required to move the plate as the steps approach instantaneous rise. For a < 1. the

Loge-Meissncr relation is not satisfied at large strain, but in the presence of Newtonian

viscosity, the computed solutions at large strain are not necessarily unphysical. as has

becii claimed [13]. As is described in Ref. [10], the failure to satisfy the relation can be

assO)Ciated witI an inhomogeneous flow regime that develops some time after plate motion

hws ceased (Figs. 5 - 7).

Apparently a similar phenomenon to spurt occurs in flows of a .Johnson-Segalian
Hifid after a si uhhen step in strain. This is illustrated in Fig. 5: There is an initial period

ill which an essentially homogeneous flow occurs. For smaller strains, roughly ", < 5 for

data corresponding to Viiiogradov, et al.'s polyisoprenes, the homogeneity peisists for
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0.0 0.2 0.4 0.6 0.8 1.0 1.2

time

Fig. 6. Local strain at the walls vs. time for dyniamic solution of
sy-stemi (2), ivith boundary conditions (4), a = 0(10-12), a = 0.95.

-z=0.001417. an(l a step of duration 0.1 sec. At this average strain
of S, the solution is inhiomioeneous at long, times.

-ill tinie. For moderate strains, roughly 5 < -y < 10 for Vinogradov's data, a spurt -like
uilmonloioeiiolls flow develops wh-ille the stresses are relaxing and the flow has essentially
ceaisedl At mo(Ierate strains, the spurt is in the direction of plate motion. For la)rge(

srins, rouighly -, > 10. the spurt is in the opposite direction from tile plate motion, as it
Is in Fig,,. .5. These observations exp~lain tile inhomiogenleity in local strain based on fluid
illtioin of Figs. 6 andl 7 (in 'ont rast to -y, an average strain , based on p~late motion). It is
Hlit erc-st In(, to note that, tile formula of Fig. 3 is dlerived b~y ignoring momentum effects that
are responsible for the development of spatial inhiom-ogeneity. but the position of the pole

in thlit fornumla correctly p~redicts the direction of tile spurt. These phenomena are not
fuilly uniderstood at tile time of thlis writing,, but it seems clear that tile criticisms of the
.loluis( Ii-SegfNlliziii modol, based onl asslumpt ions of spatial homogeneity are too simplistic.

4. HIGHER DIME-NSIONAL FLOWS - FIBER. DRAWING AND 2-D

To genreralize t hese ideas to multidimensional flow requires approximation of the stress
grarlieits III the conlvected derivative' of Eqs. (1). These can be avoided by observing that
lie effective strainl tenlsor [3(jp. 4SG)] of the Johnson-Segalman model satisfies

{Ej(t) I ,
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Fig. 7. Local strain at the walls vs. time for dynamic solution of
systcm (2) with boundary conditions (4), a = 0(10-12), a = 0.95,

= 0.001417, and a step of duration 0.1 sec. At this average strain
of -y = 12, the solution is inhomogeneous at long times, but the
inhoinogcneity is reversed from what it is for strains on the other
side of the pole in the Lodge-Aieissner function (see Fig. 3).

where t' represents historical time, and w is the spin tensor. A Lagrangian difference
quotient along particle pathlines can be used to approximate the whole convected derivative
of system (1) [3(p. 494)], and the time-discrete stress equations become

D(, 7- Tn + I - Et+ tt "E T~ t
T T7 ( =22+1 -Tr" , (49)

Dt At

Nv.*Iere

T" .= r(X(t),t) " := r(x(t + At),t), T " + 1  7- (X(t + At),t + At)) . (50)

Since this formulation represents an approximation to the Oldroyd derivative [17] as a
difference quotient, we refer to it as an "Oldroyd Difference Quotient" (ODQ hereafter).
Thus the formulation of the simple shear problem can be employed with piecewise constant
stresses, since the full stress gradient field is not required. Existing particle tracking
methods can be used to evaluate the required strain tensors [18] with the velocity field
held fixed between time steps.
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The key to the success of the ODQ formulation of Eqs. (50) is the calculation of an
appropriate value of -'. Eqs. (49) reduce the evaluation of the convected derivative to
the one-dimensional calculation of an ordinary derivative along a streamline, but along
that streamline, the basic stress approximations are piecewise constant. However, the
problem of extracting derivative information from a piecewise constant approximation to a
differentiable function of one variable seems preferable to the employment of 2D, Co stress
fields and the evaluation of (weak) stress gradients. Here we propose scheme based on
a transit time-weighted average between the value of the stress in the element containing
x(t+At) and the value in the adjacent element upwind of x(t+At) on the same streamline.
The weighting is tuned to recover O(At) accuracy in Eqs. (49). Approaches to 2D flows
that incorporate these features immediately suggest themselves; here we illustrate our
approach in the fiber drawing problem of Fig. 9 [19,20]. The mathematical and physical
ramifications of this simplified model of fiber drawing have been thoroughly investigated
elsewhere (see Refs. [19 - 21], and additional references cited in Ref. [22] for details);
furthermore, the finely-tuned methods of Refs. [19] and [20] seem to be the methods of
choice for this problem. Our purpose in solving this problem is to illustrate the potential
of the ODQ formulation in flows with non-trivial history dependence (i.e., the substantial
derivative does not reduce to an ordinary one) in a model problem which can be posed
in one spatial dimension, and which results in a relatively small system of PDEs. The
problen will also serve to reemphasize the importance of proper numerical treatment of
multiple time scales in a rather different context from the shear-flow problem.

extruder swell ,

. ........ .:. ..................... .

/ \
x=O x=l

•r m

./ ~~~X "."T,,o,

Fig. 8. The domain and coordinate system for the fiber drawing
problem.

A. MI[athematical formulation: We employ die same nondimensionalization as used for
Eqs. (1) and (2); the nondimensional domain is the interval (0, 1), and time is scaled by

the relaxation time [2,5], etc. In the problem domain, the polymer contribution to the
stress tensor (the extra stress) is assumed to be of the form [21]
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A, v

m- 1/2 3/2 5/2 7/2
X~ X - v 0 ,, - .

m-1 m 1 2 3 4

T , t, vx

>- v(xnAt) > 0

X m-2/ Xm I X

tu = Xm-3/2 td = Xn-I /2

Fig. 9. Staggered grid for fiber drawing problem. Velocity, v and

area, 4, are at grid points, while stresses, r and =, and velocity

gradient, v,, are at half-points. Problem makes no sense if velocity

changes sign in threadline; positive v assumed.

T r 0 0]

r= 0 = 0 (51)
0 0 V

The vlocity fild is irrotational with gradients given by

Vv= 2e = - ,, 0 (52)
0 0'

The total drawing (x-direction) stress consists of extra stress, pressure (radial stress). and
Newtonian contributions:

T := N + 3sv1 , (53)

where

N :=r - (54)

In ternis of these quantities and the area of the fiber, A(x, t), the equations of motion, con-

tinuitv and stress reduce to a 4x4 system [21], which, combined with boundary conditions

is
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aA(v, + vv,) = (TA),
At + (vA) = 0
Tt + vr - 2av. = -r + 2t, (55)
=t + v=., + av, -- - V_
v(0,t) = De, A(0,t) = 1, T(O,t) = To, v,(0,t) = Vo

Our concern here is solution procedures of the stress equations and not the momentum

equation, so it is particularly appropriate to eliminate the latter, making the same reduc-
tion appropriate to Vinogradov's data [13], which leads to the system of ODEs analyzed in
the phase plane in Refs. [5,6,7]. When a is formally set to zero in fiber drawing, however.
the result is a 3x3 system of PDEs

At= -vAr - v2A

r t  -VrT - (1 - 2av.)r + 2 t,,
Wt =v. - P1 + av,)= - v, (56)

f/A - 7 + "0 = -V ' +36

The fourth equation is an algebraic relation that can be substituted into the first three
equations and be integrated with respect to x to give a closed, 3x3, hyperbolic system with
integr.l coefficients. The unknowns are two stresses and the area; the three wave speeds
aie i'.

B. Fizite ditfrence discretization: We envisage that future planar and axisynunetric algo-
rtIns inipleinenting the ODQ will employ finite element discretization of the momenturn
e, uation: inl the current reduced problem, it is straight-forward and instructive to use fi-
nite differences for all equations of system (55). Motivated by the finite element shear-flow
foruilation. we usO, the staggered grid scheme pictured in Fig. 9. This makes stresses and
strain rates cell quantities, while area is a grid quantity. The algebraic relation between
st naii rate and velocity gradient is approximated by

f1 n - TnI + n

in - -- -3- -

' 1(A + A,)

while a midpoint rule is used to obtain grid values of velocity.

v[ M-1 (5S)

fit I r

An explicit forward in time/backward in space difference scheme is used for the area

c('(lat~ion.
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A n+1lA n A n A
n m _m-1 -(A)n

At . AX - (59)

2 M i M 2 1i

Turning to the ODQ formulation for the stress equations, we begin by observing that
the transit time between two points, x and y, on the threadline in a steady velocity field,
v(x, t) = u(x) is given by [23]

b(x,Y) 1 (60)

This is a simple example of a "drift function" [18]; it will be used to define the appropriate
components of i-a. Since we intend to apply the ODQ to finite element schemes in the
future, it is appropriate to use finite element interpolations of the kind defined using [N]
in Sec. 2.C and pictured in Fig. 4 to provide interpolate velocities between grid points. We
further approximate velocities as being constant between time steps, so that the steady
velocity field ui(x) in Eq. (60) will be completely specified by nodal/grid values. Referring
to Fig. 9, we find that

n(1 (1±AIn AX'-/

(1 := 6( d, Xm-1) = , (61)
Vm - Vm--

anld

In ( M-2 L1 X

62 := 6 (Xm-,,) - 0 (62)
• rn_2 - Vm_ 1

We approximate the logarithms in Eq. (62) by a Taylor series and find that

! (H - 1) A X  Ax
6 __ 2 vi 6 16== (63)

vj - Vi 2vi

where i an(d j are m, Ti- 1, or m - 2 as indicated by Eq. (62). Note that 61 62 =

,./2r,,_ the transit time from , to d is approximated by 6 c := 61 + 62 Ax/Vm-1;

this will be used to dcfine the appropriate components of i .
Ve now turn our attention to approximation of the strain. Let

:= +At vx (x(t'), t') dt'. (64)

-t

We use a first-order approximation to the integral:

{ Atv(d,t) b, > At (65)
l 6lvx( d,t)+(At--,I)vV(GU,t) 61 < At.

20



The two cases represent the situation in which the particle at the centroid of a given
element stays in the same element during one time step and the case in which it passes
into the next element upstream, respectively.

Note that K = O(At) during a single time step, and thus a Taylor series expansion
for the strains of Eq. (48) is appropriate. The appropriate strains and their Taylor series
approximations are then

2 Ell = exp(2ar,) 1 +4 2aK S = 7
E 2 :=(66)

E22 = exp(-a :) - 1-aK s= .

The following definitions will allow us to specify the ODQ algorithm for a generic stress
equation:

vn At ( 2 s 7
r:= c :=/ b := cay. (67)AX-1 S a--t

Note that IbI = (1) with respect to At, and b = 0 in the corotational [3], or a = 0 case.
In terms of b, a generic strain, E is

E=1±bz t . (68)

\\e define a generic stress (either r or 7), s_ 1 /,2 , at time-level n and staggered grid point
in - 1/2. The appropriate generic component of i-', §T, is defined using r, which can be
seen to be the fraction of the transit time from one element centroid to the next that is
covered in one time step. Stability restrictions discussed in the next section essentially
assure that r < 1. .r is defined by

-r)S + rs" (69)g" : (1 S -1~/2 - m 3/2

We use Eq. (69) and take the two stress equations in the form of Eq. (55); the ODQ
method for a generic stress equation is

7+-, +bAt) 1-r)s" I +rs 3

2-, -- = - ~-S" + (70)
At m m-2

Note that the whole left side of the stress equations in Eq. (53) is approximated by the
ODQ. For the purposes of analysis, we rearrange Eq. (70) as follows:

sn-l I- sn In I S nS 1 1 - 3
m - - m - - n m- 7  m - 7

At V= -v AX

,n" - s" (71)

n bat 2 2 -(1- b)s" I + c(vx) I  .-- Vm- mt AXbn-.i m - 1

added term
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The ODQ method in this simple problem, with the approximations we have made for
transit times and strains is a modified backward difference scheme along the streamline.
It reduces to a simple backward difference scheme in the corotational case.

C. Stability analysis: For the purposes of stability analysis, we first study the corotational
case where a = 0. It is not clear whether this case is physically relevant to actual polymer
systems, but the equations are more tractable, and the results of the analysis of this case
admit to a straight-forward modification for a 54 0 that works well in practice. In the a = 0
case, the discretization of the area equation and ODQ treatment of the stress equations
reduces to a backward difference method for the whole system. Since the wave speeds are
all v, inspection of Eqs. (56) suggests that a stability bound of At < Ax/v is sufficient.
This is because, as will be illustrated in the subsequent analysis, the principal part of the
system usually dominates the stability bound, while the source terms contribute the effect
of an change of O(Ax) in v in the conventional bound. Since the conventional bound
is slightly pessimistic, a stable and accurate time step can usually be obtained by using
a modest safety factor. This is not the case here when E is small. First, consider the
linearized area equation,

6-4t = -u6A4 + 6_ + A, \ A +  dx' + 3-- 6 (72)

where the varied quantities are preceded by "5," and the expansion point by corresponding
q(unutit ies wit hout 6s. The four terms on the right-hand side have the following description:
Irinicipal part (highest order term), intermediate order source term, low-order (integral)
source terni. and coupling term (intermediate order), respectively. First we consider the
behavior of the linearized area equation uncoupled from the stress equations by taking
6-Y = 0. A stan(lard Neumann analysis [24,25] shows that the backward difference method
applied to the linearized area equation is stable in the sense required for convergence
[23(p. 42)] if the conventional bound on At is enforced. This restriction, however, allows
unboundled growth for t -- c on a fixed grid, due to growth of low frequency disturbances.
This arises from the fact that the intermediate order term (with coefficient proportional
to NV) is typically positive. Numerical experiments with the backward difference method
aIpplied to Eq. (72) show that the integral term is not sufficient to eliminate the growth
of low frequency disturbances. Such unbounded growth can be ruled out by the coupling
terms, if the linearized stress equations governing 6N are stably integrated. We turn our
attention to a criterion, based on the stress equations alone, that will prevent blow up
of discrete solutions as t --+ oc. We pursue this course since we are interested in finding'
steady solutions on fixed grids.

A simple bound can be derived by further uncoupling the stress equations fr li each
other. This bound turns out not to be sufficient, but it illustrates the essence of the
prolblem. We linearize a typical stress equation and set the perturbed quantities from
other equations to zero, and, as in the case of the area equation, we ignore the variation
of the velocity that is reflected in the lowest order (integral) term. Letting q := and
considering a disturbance of wave number w/7r in a standard Neumnin analysis, yields a
growth function. p. given by
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p= qv + qvexp(-iwAx)- At (1 + Il , (73)

where v is the velocity field of the expansion point of the linearization. We note that IP!

is bounded by 1 for Lo = 0 if At _ 2/ (1 + Ld); this restriction is always superseded by30

the bound arising from wAx = ±r (wave number 1/Ax), which turns out to be the most
unstable mode. This is

At< AX (74)

The bound is most stringent where v is maximum, usually at x = 1.
There seems to be no accuracy requirement to make Ax < e: good results will be

exhibited below in cases where quite the opposite is true. Yet in such cases, the bound of
Eq. (74) is much smaller than the conventional bound, and this cannot be avoided in this
explicit formulation. What we see is another manifestation of the extreme stiffness induced
b% a small amount of Newtonian viscosity; in the semi-implicit shear-flow algorithm, it
onl affects accuracy during those periods of dynamnic response when the "Newtonil"
timfe scale is active. In the explicit fiber-drawing algorithm, it affects stability, and the
Newtonian time scale must be respected at all times. Since this stiffness arises from the
colipl)etition of the wave speeds of the principal part with the time scale inherent in the
source terms, we have dubl)ed it "source term stiffness."

Nuinerical experiments show that the bound of Eq. (74) is over-optinistic by roughly
a fctor of 3/2. WYe write the coupled stress equations in matrix form.

{ ri }- - {InFri) - [ 1 (7

where
[] = -3s: [I] ± [1 -] (76

The discrete systen (73) is diagonalizable. and the result is an uncoupled systeml:
stan lard Neunmann analysis can be carried out. giving a bound analogous to Eq. ( 4). in
whi('h the 1 4 L" in the denominator of Eq. (74) is replaced by the magnitude of the most
I,'"at ive elifenlvahu, of 36 [1. The result

A.r
At < 1(77-.+ (I +2

We note that this is the same bound that would result subtracting the two stress
(eq111ti()ns to produce a single equation for N. The second eigc'nvalue of [8s] is 0(1) (with
resI,,'ct to _) and is irrelevant to stability. The same trick of combining the equaltiol,-
would not work in the case a $ 0, so that the matrix analysis is necessary. XVe linearize
Eq. (71); as can be seen from the bound of Eq. (77), and as will he evident in the numerical
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results presented below, the crucial terms for stability analysis are those of order 0(_C1 ).
The only terms in the discrete equations (71) with a : 0 that differ from our pfevious
analysis that we chose to include are Lhose of order O(E-1). These include the terms of
order O(s- 1) already accounted for in the analysis of the corotational case and additional
terms arising from "6b." Furthermore, among those terms, those that arise from linearizing
the "added term" in Eq. (71) are O(At) smaller than those obtained from linearizing the
source term (1 - b)s"_ 1 2 , so we ignore the former and include only the latter. We note

that this admittedly ad-hoc procedure is equivalent to retaining only O(E-1) terms in the
linearization of Eqs. (56) and applying a backward difference scheme (without the "added
term") to the result; this has the effect of replacing [6] by

(I+ a=) -(1 + a=) (7S)

resulting in the modified bound,

At < - A ) (79)t V + +(,+a(,--4,)).,l 7 2

The re; on we opt for this ad-hoc bound is that it provides a simple modification of the
bound of Eq. (77) and avoids the solution of a quadratic equation at each time step, which
would be necessitated by a consistent analysis. As demonstrated in the next subsection.
this 1)0111d is very good for a = 0 and only slightly pessimistic for a 5$ 0. We should also
p,(lit olit that. from Eqs. (65) and (71) and from the fact that the added term in Eq. (71)
is O(_ t). it is an easy matter to verify that the ODQ method is consistent but no more
th:iii first order accurate.

D. Nim'rical results: Figs. 10 - 13 summarize the stability and accuracy of the ODQ
ifctti( l for fiber (Irawing. For a discussion of the nature of the results and their physical
int,'rIpretation. see Ref. [22]. The results displayed in these figures were obtained by using
t!w' bound! f Eq. (79) to compute a virtually steady solution, which was saved for the
st a;iilitv amil accuracy studies. The "true" stable time step, labelled At on the plots, was
(ohtail,(l l)v imiterval halving from a bracket obtained by incrementing the bound of Eq. (79)
lbv a suf-Ficient amount to obtain an unstable step. The At reported is the last stable time
step 1 )served at the point where the bracket had been reduced to a small enough size to
inil.-c no liffcreice to graphical accuracy. The stable time step thus calculated applies
only to the specific steady solution involved, but the bound of Eq. (79) has been found

c sufficient for stability throughout dynamic processes leading to steady solutions.
The converge icc )lots were obtained from m estimate of the exact solution obtained by-
R ichar lson extrapolation to O( Ax 3 ). Since the expected accuracy is first order, and the
extrapolations to second order agree very closely with the extrapolations to third order.
tl assumiption that the values extrapolated to third order are exact with respect to the
raw, first order results seems well-justified. Note that the plotted errors are absolute errors.
and the relative errors are quite acceptable with 100 grid cells.

There are two major points to be made, based on the ntunerical results: First, the
stability bound of Eq. (79) works well, and second, with small 6. acceptably accurate
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reslil ;i re ob~tajined long before tile conventional bound of At < Ax/v becomes useful
ONi very' fine mneshes: thus, the bound of Eq. (79) is necessary to obtain solutions in the

prat ialoperatingr rainge of the metlhod. Fig. 10 shows the corotational case with a large

ther. is nio stiffnes' s in this caso, and ais indlicated in panel (A), the cooaventional bound

beci ues aileqluate on mieshes of S0 grid points or more and could be used generally Nvith

aI 11o0lest safety factor. The expected first ordler conivqgence rate with grid refinement is
('.J1lfirulied l ere and Ill all other cases. The stability situk ion is markedly different with

sijiaill 5 . as illustrated in Fig, (11). NVith 80 to 100 grid points, where solution accuracy

I., (jiuite goodl. tluo stability bound of Eq. (79) is very sharp and differs substantially from
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thc couiveflt jotul 1)0111(1: steawly solutions couldl not lbe obtained1 on such gridls using thle

Ill the lipjper conivected case With large Eshown in Fig. (12), the conventional bounl(l

i , ron)ilsrvat ive. iind the bound of Eq. (79) is slightly more so, but both bounds (1o well.
isn _1 - simall ( Fig. (13)), the conventional bound is Over optimistic until the grid hias

G-(0 po ints. The bound of Eq. (79) is slightly conservative, but does well throughout this
For grids finer than 640 points, it appears that, as with the large 1 case, the

co i liit i( )iml 1)01111( is becoming a viable bound, slightly less pessimistic than the b~oundl

of Eq. (79): however for very fine grids, 1)oth bou1ndls ire essentially the same. From ai
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Intact ical st aiidpoliut. the bound of Eq. (79) is sufficient throughout the range of realist iC

ri' Is aii(l is always relat ively sharp

5. CONCLUSIONS

Muich of what wve know about the spurt pieiomenoni inl Poiseuille flow is now accessible
to anamlvsis but was first uncovered by numerical simulation. WVe hope that a simiilar

sit ~ *1 uao ilCome abouit inl the analysis of step-st rain experiments. Our preliiar

imnerical inlvestigationl suggests that a deeper anlyi uing non-niot one const it utivye
equlationls wold be wVorthlwhile. From a rheological point of view, it is important to
discover whether the falilre to satisfy the Lodge-Nleissner relation is anl indlication of
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Fig. 13. Mesh Refinement Studies - Upper Convected (a - 1)
Case: (A) Actua At, compared At predicted by the stability
bound of Eq. (79), and to the usual wave-speed bound, L2 the
for the - = 0.01 case. (B) Convergence rate of maximum values of
key quantities to the value obtained by multi-mesh extrapolation.
Slope is essentially -1, indicating a first-order method.

defect in the constitutive equation, as is widely believed, or the failure represents a success
of the constitutive equation in predicting a new kind of material responsz to step strains
that can occur in certain (perhaps extreme) conditions. Our numerical simulations have
made the connection between material response in step strain and the spurt phenomenon
that may prove important in resolving this rheological controversy.

From a technical point of view, the major conclusion is that the Newtonian time
scale must always be respected. When this is very short compared to the dominant relax-
ation time, the resulting stiffness affects accuracy alone for the implicit-explicit shear flow
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method. This stiffness affects stability and accuracy for the ODQ method. In either case,
At = O(-) is often called for. Fortunately, however, in the problems we have solved so
far, mesh size scales of O(e) have not been found necessary; in fact, the major techinical
problem with source term stiffness is that quite accurate solutions can be obtained on grids
that are not fine enough to render the conventional bound on At useful.

The ODQ method seems to show some promise. The results we have obtained so far
lead us to believe that further study of the ODQ method is warranted.
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